The paper presents a model for dynamic analysis of belt transmission. A twodimensional discrete model was assumed of a belt consisting of rigid bodies joined by translational and torsion spring-damping elements. In the model, both a contact model and a dry friction model including creep were taken into consideration for belt-pulley interaction. A model with stiffness and damping between the contacting surfaces was used to describe the contact phenomenon, whereas a simplified model of friction was assumed. Motion of the transmission is triggered under the influence of torque loads applied on the pulleys. Equations of motion of separate elements of the belt and pulleys were solved numerically by using adaptive stepsize integration methods. Calculation results are presented of the reaction forces acting on the belt as well as contact and friction forces between the belt body and pulley in the sample of the belt transmission. These were obtained under the influence of the assumed drive and resistance torques.
Introduction
Considerations regarding friction phenomena occurring in the belt transmission go back to the eighteenth century and were initiated by Leonard Euler [1] . Euler analysed frictional forces between a belt wrapped around a fixed pulley or capstan. More important tests conducted over the centuries with specification of more important works are presented in Fawcett's work [2] .
It is worth mentioning an approach used for discretisation of flexible links based on the Rigid Finite Element Method (RFEM) described in [3, 4] . The method has been successfully applied with some modifications in [5, 6] . The authors of these publications were using Lagrange equations to derive equations of motion. The stiffness and damping properties were concentrated in the dimensionless and massless spring-damping elements (SDE) and written into the equations of motion in the form of elastic strain energy and the dissipation function. In the proposed model, the same discretisation method was applied as in the classical approach of RFEM. However, in this paper Newton equations were used to derive the equations of motion. The stiffness and damping properties of the belt were included by forces written into the right side of these equations.
Works [7, 8, 9] presenting models of discrete belts are especially important from the point of view of assumptions used in the model presented in this work.
Due to the complexity of phenomena occurring in belt transmissions, it seems particularly difficult to describe friction and contact by an appropriate mathematical apparatus. The authors of [8, 10] presented a piecewise linear friction model with the possibility of predicting belt creep. It has been called the Coulomb-like tri-linear creep-rate-dependent friction model. Another sample model was presented in [11] , which has been called the elastic/perfectly-plastic friction law (EPP). Normal reaction forces between the belt and pulley, which are necessary to calculate these frictional forces, can be determined using the spring-damping contact model (also known as a penalty contact model). It is often used in belt transmission models (e.g. in papers [8, 12, 13] ). It was also used in this work.
The model presented below was verified by a comparison of calculation results presented in paper [12] . It was proved that, although it has a simpler mathematical apparatus, model verification was in good agreement -this is the main application aspect of this article. The model [12] was created using an "absolute nodal coordinate formulation" with a detailed contact formulation between the belt and pulley. The belt-pulley contact was formulated as a "linear complementarity problem" using the discontinuous Coulomb friction law to model frictional forces.
The next paragraph presents a mathematical apparatus of the proposed model of belt transmission. The results of verification are shown in the third paragraph. The fourth paragraph presents additional calculation results of forces acting on the belt, as well as contact and friction forces between the belt body and the pulley in another sample of the belt transmission.
Mathematical model
It was assumed that the belt will be treated as a system of rigid bodies connected by spring-damping elements. Since there is large bending deformation of the belt, e.g. from the curvatures of the pulleys, the tensing rollers, it was assumed that the belt must be discretised by many bodies. This obviously influences the speed of calculations, which in turn extends the time of analyses being made. This was the reason for making some assumptions at the beginning of model development:
• the two-dimensional belt transmission model was taken into account; therefore the following phenomena were omitted: torsion rotation of the belt and influence of local changes in the cross section caused by wedging of the belt into the groove of the pulley -thus the number of degrees of freedom and the number of generalised coordinates were reduced, • equations of motion were simplified by resigning from matrix notation in the final version, which allowed us to further reduce the number of operations performed by the computer, for example, on account of the occurrence of sparse matrices, • it was assumed that the pulley was perfectly circular (a change in distance from the belt to the pulley centre resulted only from the kinematics of contact), • a linear model of contact and a simplified friction model of the belt-pulley were assumed; these parameters are constant throughout the length of the belt, • to minimise errors of numerical integration of equations of motion and to speed up the calculations it was assumed that the differential equations of motion would be solved by an adaptive stepsize method of integration -the Runge-Kutta-Fehlberg method. The beneficial effects on the efficiency of the mathematical model were described by Schindler in [14] .
Undoubtedly, discretisation of the belt brings many benefits, e.g. the ability to identify changes in the friction forces around the pulley or the distribution of axial forces along the entire length of the belt.
According to assumptions from RFEM [3, 4] , it was assumed that the belt would be divided into n b bodies. Each neighbouring pair of bodies was joined by the SDE with proper translational and bending stiffness and damping parameters (Fig. 1) .
As was mentioned above, a two-dimensional model of the belt transmission was assumed. For each body i (where i = 1 . . . n b ) it was assumed that there were three generalised coordinates ( Fig. 2) : translations x i and y i of the mass centre along x and y axes of the global coordinate system and body rotation with angle ϕ i relative to the mass centre. Coordinate z i always equals zero. As shown in Fig. 2 , the position of the mass centre of belt body i is specified by vector P i .
It was also assumed that there are n p pulleys in the transmission "lying" in the xy plane and rotating around the axis parallel to z with rotation angle θ j (where j = 1 . . . n p ). Therefore, the vector of the generalised coordinates takes the form:
where:
q b -vector of generalised coordinates of all belt bodies, q p -vector of generalised coordinates of all pulleys. As follows from the assumptions, the number of generalised coordinates will equal 3n b + n p .
First the belt was divided into n b bodies. It was assumed that the bodies would be modelled as homogeneous thin links with mass m i (the thickness of the segments is omitted and the centres of the masses are located in their geometric centres). The mass moment of inertia with respect to axis z i perpendicular to the plane of motion and passing through the mass centre of body i equals:
while the total mass of the belt equals:
Considering the specific case of the transmission, it would be advisable to check whether it is possible to assume a uniform mass distribution along the entire length of the belt. In this case, determining the mass parameters for individual bodies from equations (2) and (3) would be much simplified.
Model of the belt-pulley contact
To consider contact between the belt bodies and pulleys in the transmission, vector notation of forces was used. A diagram of the assumed distribution of forces acting on belt body i at the period of contact with pulley j is presented in Fig. 3 . It was assumed that the force components, i.e. normal force N ji and friction force T ji , would be applied to the mass centre of each body which had contact with one of the pulleys. This assumption is acceptable if the thickness of the belt is omitted (which makes that, e.g. the distribution of stress in the cross section will not be analysed and the force of friction can be reduced to the centre C i ) and a sufficiently large number of bodies is taken to discretise the belt, so their lengths are appropriately small. It is also worth mentioning that the assumptions made are consistent with current trends in the construction of belts. These are aimed at reducing thickness in order to reduce the lateral deformation of the belt, therefore, to increase the lateral stiffness [15] .
As is shown in Fig. 3 , vector r ji is orientated from the centre of pulley j to the mass centre of body i. If there is contact between the body and the pulley, but the value of normal force N ji is still zero, the length of this vector equals an arbitrary value r p j . Thus, at the time of non-zero normal force (the situation shown in the figure) there is an inequality: r ji < r p j . The position of the pulley centre in the global coordinate system is specified via vector P p j .
Vector r ji can be determined from the following formula:
A versor (unit vector) according to the direction and sense of vector r ji equals:r
Penetration depth of belt body i with pulley j can be determined from the formula:
Assuming that the linear velocity of the centre of the pulley is zero, the value of penetration velocityṗ ji is equal to the value of the normal velocity component v n i ( Fig. 3 ). This value was determined on the basis of the following scalar product:ṗ
where: v i − velocity of the mass centre of body i. Since the contact force N ji formed during contact between body i and pulley j has a consistent direction with the direction of the radius versorr ji , then:
The value of this force was determined in a similar form as given in paper [16] , in which the authors proved a nonlinear relation between the penetration depth and the normal force:
Unauthenticated Download Date | 1/13/15 10:38 AM where: c 1 , c 2 -belt-pulley contact stiffness coefficients, b -belt-pulley contact damping coefficients. Figure 4 shows graphically the course of function δ(p ji ) used in equation (9). In this model it is assumed that for p ji ≤ 0, force N ji will be zero. At the period of contact, for p ji not much greater than zero, only stiffness has an influence. The application of function δ(p ji ) results in the fact that in the range of 0 < p ji < p max the influence of the damping force component is increased (from 0 to bṗ ji ). It achieves "full damping" (component bṗ ji is then fully taken into the formula) beyond a certain arbitrary value of p max . This procedure makes it possible to avoid such an effect of "sticking up" elements at the initial period of contact (in particular when velocityṗ ji is relatively high).
To ensure a smooth shape of the transition function δ(p ji ) from zero damping to "full damping" (as shown in Fig. 4) , it was described by the function of the state consisting of constant functions and a third-degree polynomial in certain ranges, which can be defined by the following generalised formula:
The function above is continuous and satisfies the condition of continuity of the first derivative at points x 0 and x 1 . After replacing the values: x 0 = 0, y 0 = 0, x 1 = p max and y 1 = 1, function δ(p ji ) was obtained in the following form:
The use of equations (9)- (11) enabled us to make the damping force component as a function of both penetration velocityṗ ji and penetration depth p ji in contact. It should also be noted that these relations are widely used in contact models. A similar model was used by the MSC.Adams software [17].
Friction model
A simplified model including the velocity-dependent curve of the friction coefficient was used to determine friction forces. In this model, the classic approach to the phase of static friction, whose modelling is difficult because of the change in number of solved equations, was neglected. The friction force is unknown if two moving bodies stick, therefore an additional constraint equation must be included. The friction force is known for their relative motion, so we need to determine only differential equations of motion. It is worth mentioning that during integration of differential equations of motion it is difficult to identify moments of changes in the state of friction. The static friction phase can be omitted due to the friction coefficient dependence on the value of relative velocity v in contact. The formula by which the value of friction force T is determined in this case takes the following form:
(12) Figure 5 shows a simplified form of the friction coefficient curve assumed by Threlfall [18] . As can be seen, value ∆v is an arbitrary value of velocity v from which the kinetic friction coefficient µ k is taken. The curve shown above can be used by assuming only the kinetic friction coefficient µ k . As is shown in [16] , in the case of cooperating surfaces of the belt and pulley, these coefficients may differ from each other. This fact should be included in the assumed curve of the friction coefficient.
The assumptions used here are incompatible with those of Coulomb friction law, where it is assumed that static friction occurs only at zero velocity. As it turns out, in fact, creep can occur in the state of sticking of two surfaces (at the instance of static friction). This phenomenon was first investigated in-depth in 1926 independently by Wierchowsky and Rankin [19] , and has been the subject of many works, such as the already classic [18] publication by Bowden and Tabor [20] , or the widely cited Dahl paper [21] . The oldest paper which is known to the author of this paper and which shows the results of an investigation into the existence of the creep phenomenon in belt transmissions is a paper written in 1847 by Reynolds [22] .
In the analysed case, for such an elastic contact, which is the contact between surfaces of rubber and steel, it should be assumed that the creep phenomenon occurs in the velocity range to ∆v. In a majority of cases (except for the case of the toothed belt) such a slip occurs (including creep) in the transmission between the belt and the pulley, although it is different for different types of belts. An evaluation of the intensity of this phenomenon for a specific type of belt transmission could be made after performing relevant experimental studies, which may be conducted in the future by the author. How different velocity-dependent friction curves for different types of belts can be is shown by examples of different assumptions of friction models (assuming them as functions of different variables, a different degree of non-linearity) presented in papers [8, 9, 16] . Some of them are determined empirically.
Thus, in order to present the phenomena occurring in the velocity v < ∆v more accurately we decided to make the friction coefficient a function of creep (therefore, also of the creep velocity).
As can be seen in Fig. 3 , the tangential component of the relative velocity between pulley j and belt i was marked v T ji . The functional dependence of the coefficient of friction in the velocity values v T ji < ∆v was determined using the formula:
∆ T ji -creep value (calculated as product of velocity and elementary time:
The coefficients β and µ 1 present in equation (13) were defined as the functions of transition velocity ∆v (in the case of coefficient β) and the maximum of creep ∆ max (in the case of coefficient µ 1 ) as the courses shown in Fig. 6a and b. Figure 6c shows a change in the friction coefficient in velocity values v T ji > ∆v. As can be seen in the velocity values ∆v < v T ji < 1.5∆v, the value of coefficient µ changes "smoothly" from µ s to µ k . Above a velocity value of 1.5∆v the value µ is constant: µ = µ k . The courses shown in Fig. 6 were made using a similar function, which is presented in Fig. 4 and which is presented in the form of a generalised formula (10) . The courses shown in Fig. 6a and b were interpreted as half of this course.
It should be noted that a similar method of determining friction forces in joints to the one presented here was proposed in MSC.Adams software [17] .
To determine the friction coefficient it was necessary to calculate the linear velocity vector of the contact point of pulley j with belt body i:
of the angular velocity of pulley j.
Considering the case of friction of belt body i with pulley j, one must determine the tangential component of the velocity vector of the mass centre of body i:
In the above formula, versorτ ji parallel to the tangent passing through the mass centre of body i must be known and can be determined by using the following formula:τ
Since the angle between versorsẐ andr ji is constant and always equals 90
• (because, as was already mentioned, the pulley "lies" in the xy plane and the axis of rotation is parallel to the z axis), so Ẑ ×r ji = 1, then the formula (16) can be simplified:τ
In practice, during a pulley rotation versorτ ji has a direction and sense consistent with the direction and positive sense of velocity vector v p j . However, in the absence of a rotation of pulley j (when v p j = 0) the tangential direction to the pulley can be identified byτ ji (determining the versor from zero vector v p j is impossible in this case). Therefore, the relative velocity between both moving elements is:
The friction force was defined as:
v T ji − versor consistent with the direction and sense of v T ji . As can be seen, the above equation has a modified form of equation (12) . It should be noted that the belt transmission model developed here can take into account the presence of tensing rollers. In this case, other contact and friction parameters at the belt-roll contact should be considered.
Moreover, the assumed friction model does not include separate sticking and sliding zones on the circumference of the pulley. The author is aware of the fact that, if these zones were included, a more accurate representation of phenomena occurring between the pulley and belt could be developed. Therefore, the author plans to consider them in future work.
Equations of motion
A diagram of the assumed distribution of forces and torques acting on body i from the neighbouring bodies is shown in Fig. 7 . The values of forces and torques in the translational and torsion SDEs connecting body i − 1 with body i are described by the Kelvin-Voigt [23] relations:
where: 
where: is taken from last time-step). As can be seen in Fig. 7 , these vectors determine the direction, sense and magnitude of the longitudinal displacement of SDEs connecting bodies i − 1 with i and i with i+1. Equations of motion of body i take the form:
The resistance torque acting on the pulley can be included in the assumed model. A negative value of M d j (e.g. constant or dependent on velocityθ j ) should be taken in this case.
Model verification
Parameters of the transmission model discussed in the paper were implemented into the sample transmission presented in [12] . The assumed number of bodies was 60. The parameters of the transmission were taken into account from [12] : m,
The pulleys have the same radius r p1 = r p2 = 0.08125 m. The distance between the pulleys is l p = 0.253 m. According to [12] , identical values of static and kinetic friction µ s = µ k = 0.8 were assumed. Additionally, the same courses of the angular velocity of the drive pulley and resistance torque acting on the driven pulley were assumed, and these are shown in Figs 8 and 9, respectively. In this model, the course of angular velocity of the drive pulley was assumed instead of the differential equation of motion. This led to a reduction in the number of equations. Figure 10 shows a comparison of driven pulley angular velocity courses obtained by [12] and by the model presented in this paper. The course presents torsional vibrations of the driven pulley under the influence of a change in the course of resistance torque at a time of 0.3s. Fairly good agreement of the results, especially in the case of the value of the transmission slip and the frequency of vibration, can be seen in the presented course. At the same time, greater damping of the belt model presented in this paper was observed, and it resulted in a lower amplitude and faster reduction of vibrations presented in the graph. The reasons for these differences will be investigated in future studies.
Calculation results
Parameters of another sample transmission with the belt were taken on the basis of papers [12, 13, 16] : m, m i = 0.096l i kg.
According to information included in [13, 16] , the poly-V belt type 5pk with a length of 1.2m was analysed. These belts are used in heavily loaded transmission and work in conditions of high speeds. The above transmission parameters were adopted in accordance with data given in [13] . The analysed transmission does not have tensing rollers. The pulleys have the same radius r p1 = r p2 = 0.027 m. The distance between the pulleys is l p = 0.515 m. Mass moments of inertia of the pulleys were taken as
. Due to the relatively small radius of the pulleys, the belt had to be discretised by a sufficiently large number of bodies. The number of bodies was determined by appropriate (satisfactory) mapping of curvatures of the belt lying on the pulleys, which, as it turned out from the numerical tests, had a significant influence on the accuracy of mapping the contact phenomena and results slip. Finally, 150 bodies of equal length were taken for analysis.
The belt was tensed preliminarily in such a way that the preload force value was slightly greater than 550N. The coefficients of friction were assumed according to information contained in [16] . It was assumed that coefficients for both pulleys would be the same. The coefficient of static friction is taken as µ s = 1.05 and the coefficient of kinetic friction as µ k = 1.
The global coordinate system was taken in such a way that the z axis coincided with the centre of rotation of the drive pulley and the y axis was directed opposite to the vector of gravity (in the up direction). The x axis was directed to the centre of the driven pulley. The assumed parameters of belt transmission with the assumed global coordinate system are illustrated in Fig. 11 .
As has already been mentioned while presenting equations of motion, drive torque M d1 as the time course acting on the drive pulley in the form shown in Fig. 12 (with the direction and sense shown in Fig. 11 ) was taken It was also assumed that resistance torque M d2 as a function of the angular velocity of the pulley would be applied on the driven pulley. A value of 15 Nm (which is equal to the value of the applied torque to the drive pulley) is reached at a driven pulley velocity of 4 rad/s. The course of this torque (with the direction and sense shown in Fig. 11 ) was shown in Fig. 13 .
The assumed values of the belt preload and the drive and resistance torques should result, in the case of perfect transmission without belt creep and slip presence, in an approximately two-fold, in relation to the preload, increase in the reaction force in the active part of the belt, and should reduce this force to nearly zero in the case of the passive belt. Since there are creeps, slips and vibrations present there, this imbalance is reduced partially.
Transmission movement was obtained under the influence of the applied drive and resistance torques. Figure 14 shows the angular velocities obtained in the drive and the driven pulley. As can be seen, after a time of 0.3 s the velocity of the drive pulley (corresponding torque 15 Nm) reached a value of about −22.5 rad/s and no longer increased. The value angular velocity of the driven pulley is definitely lower than should be expected (reading in Fig. 13 it should be −8π = −25.1 rad/s) because of energy dissipation from the SDEs, friction and contact between the belt and the pulleys. It should be mentioned that the slip was almost 1.5% after the transmission started rotating to the applied velocity. This value may depend on the resistance torque assumed and the initial belt tension, it can also depend on other assumptions of the model, including parameters of friction and contact. As was mentioned previously, this subject will be considered by the author in the future.
It was decided to look at a specific body (which is marked in Fig. 11 ) and a neighbouring SDE to obtain the corresponding time courses of the reaction forces from the pulley and the neighbouring bodies. Figure 15 shows the time course of the force in the selected translational SDE. In the presented course it can be seen that the force changes its values in the ranges. At the initial moment, when the transmission begins working, there is a short-term stability phase. In the analysed time interval to 0.75 s the SDE was located in the passive (top) part of the belt. In this case, after the transmission start phase the force value was about 250 N. After this time the force increased rapidly to reach a value of about 780 N in a time interval of about 0.9-1.74 s. At this time the SDE was in the active (bottom) part of the belt. It can be seen that next it passed several times to the passive and the active part of the belt. The time intervals of rapidly changing forces correspond to moments of relatively short-time interaction of the body with the pulleys.
The next courses present normal forces from the pulleys reacting on the selected body of the belt (Fig. 16 ) and the friction force (Fig. 17) as a result of activity of the normal force.
According to general knowledge of belt transmission, included, among others, in work [15] , the normal force decreases gradually on the circumference of the drive pulley (viewed in the direction from the active to the passive part of the belt) and increases gradually on the circumference of the driven pulley (viewed in the direction from the passive to the active part of the belt). This relation can be seen in Fig. 16 . First, the analysed belt body passes through the driven pulley (the first part of the increasing nonzero values of normal forces) and then passes through the drive pulley (the second part of nonzero decreasing values of normal forces).
Especially interesting is the fact that Fig. 16 and Fig. 17 are similar. Since the values of coefficients of static and kinetic friction taken from work [16] are close to unity, it must be concluded that predominantly the friction force is near the fully developed value (in the case of stickiness), or that the slip is present in the contact. To check which case of friction appears, selected belt element-pulley relative velocity values v Tji are shown in Fig. 18 . . This means that only belt slip occurs in the calculations.
Summary
The proposed method of dynamic analysis of belt transmission and the presented sample results do not completely cover the discussed topics but are just the beginning of considerations. Application of the friction model with creep undoubtedly offers many opportunities, but it should be emphasised that these opportunities should be supported by experimental studies. It is particularly important to identify the parameters describing the physical properties of the belt, including its stiffness and damping properties, as well as friction and contact between the belt and the pulleys or the tensing rollers. These types of studies were conducted in the cited papers [13, 16] .
In the future the author will focus on the use of multithreading to determine the contact forces of individual belt bodies from the pulleys. The author of paper [14] noticed that multithreading significantly affects the speed of calculation. This is caused by better adaptation of the application that was developed for multi-core processors which are most commonly used in computers (calculation of contact forces can be divided into several cores in parallel).
The model can undoubtedly be developed. Particularly interesting, according to the author, would be to include impurities on a part of the belt, such as oil film, into the analysis. This phenomenon is particularly dangerous because in addition to increased slip it results in greater (thus uneven) wear of the non-contaminated parts of the belt. In this case the model should be modified only slightly. It would be necessary to adopt different values of friction for each of the belt bodies.
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